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Abstract—Slot leakage field and inductance computation is, 
in general, a non-trivial task in the analysis of el ctric machines 
equipped with semi-closed slots, even under the hypothesis of 
neglecting magnetic saturation. This paper proposes an 
analytical method to evaluate the slot leakage field and 
inductances in dual-layer distributed winding machines, 
extending the results of a previous work where the single-layer 
winding design was addressed. A direct solution to Poisson’s 
differential equation in the slot domain is found by suitably 
defining boundary conditions in the slot opening area. 
Boundary conditions are defined exploiting the analytical form 
taken by the magnetic field in the neighborhood of 
ferromagnetic corner-shaped regions. The presented approach 
is successfully validated against Finite Element (FE) 
simulations. 
  
Index Terms—Analytical methods, electric machines, 
leakage inductances, semi-closed slots. 
I.  INTRODUCTION 
LTHOUGH they are not directly involved in the 
electromechanical energy conversion, leakage fields 
and inductances  need to be evaluated in the modeling and 
analysis of electric machines [1]-[3]. In fact, they affect 
machine equivalent circuit [4] and play a role in some 
parasitic phenomena like the occurrence of circulating 
currents in multiphase machines subject to inverter supply 
[5], [6]. 
 A significant portion of the leakage flux is due to the 
magnetic field lines that cross the slots, giving rise to the so 
called slot leakage flux and inductances. These can be 
computed with simple algebraic formulas if a rectangular 
slot shape is used [3], [4], [6], while their computation 
becomes more complicated in case of a semi-closed slot 
design. The problem can be approached through Finite 
Element Analysis (FEA) [1], but analytical methods are 
generally preferred as a more computationally-effici nt 
alternative, whenever possible. 
The problem of analytically computing semi-closed slot 
leakage field and inductance has already been addressed in 
[7] where, however, the assumption is made that each slot 
includes only one coil side, as it occurs in single-layer 
windings. However, the vast majority of electric machines 
feature a dual-layer distributed winding, wherein two coil 
sides, generally belonging to different phases, are embedded 
in the same slot [8]. This paper is intended to extend the 
treatment proposed in [7] to the case of dual layer windings. 
As done in [7], an analytical solution to Poisson’s equation 
for the magnetic field in the semi-closed slot domain is first 
found and then the solution is exploited to compute the self-
inductance of the coil sides in the slot as well as the mutual 
inductance between them. Such information is essential to 
compute the overall slot leakage inductance of a machine 
phase as explained in [3], [6]. The solution to Poiss n’s 
equation for the semi-closed slot leakage field is carried out 
under the hypothesis of unsaturated core and by suitably 
defining boundary conditions in the slot opening reion. 
Boundary conditions are defined based on the expression 
taken by the magnetic vector potential in the neighbor ood 
of right-angle ferromagnetic corner regions, which are 
singular points for the magnetic field [9]. This approach 
leads to accurately estimate the leakage flux distribution 
inside the semi-closed slot domain without determining the 
magnetic field in the entire machine [10]. The accura y of 
the analytical procedure proposed is positively asses ed by 
comparison against FEA. 
The paper is organized as follows: in Section II the basic 
geometry of a semi-closed slot including two coil side  is 
described along with the modeling assumptions made for its 
analysis. In Section III the simplified expression f slot 
leakage flux and inductance is presented for subsequent 
comparison with the accurate one being set forth. In Section 
IV the magnetic leakage field inside a semi-closed lot is 
determined along with the inductances of the two coil sides 
embedded in it. Finally, in Section V some validations are 
proposed where the results of both the simplified an the 
accurate analytical model are compared to each other and to 
FEA simulations. 
II.  SEMI-CLOSED SLOT GEOMETRY AND ASSUMPTIONS 
The semi-closed slot geometry being investigated in this 
paper is illustrated in Fig. 1. In a suitable polar coordinate 
system [7], the geometry is univocally defined by the four 
radii R0, R1, Rm, R2 and by the angles θ1 and θ2. The slot 
domain is subdivided into three regions, respectively 
denoted by letters U, V and W: regions U and V include the 
coil sides of the double-layer winding and are then 
characterized by generally non-null current densitie ; region 
W corresponds to the slot opening and is then constituted by 
air. We shall call IU and IV the total currents flowing through 
the coil sides respectively located in regions U and V of the 
slot; hence these regions will be characterized by the 
following current densities: 
A
Analytical Determination of Slot Leakage Field and 
Inductances of Electric Machines with Double-
Layer Windings and Semi-Closed Slots 





























where ( )2222 mU RRA −= θ , ( )2122 RRA mV −= θ  are the 
cross-section areas of the regions U and V respectively. 
The slot domain is supposed to be surrounded by an 
unsaturated ferromagnetic core, having a theoretically 
infinite magnetic permability with respect to the air. This 
hypothesis can be restrictive for some electric machine 
design or operating condition, but is necessarily posed to 
find an analytical solution for the magnetic field in the 
machine domain [2], [4], [10].  Moreover, end effects are 
neglected in the sense that the field distribution is supposed 
to be the same in any cross section of the machine. 
III.  SIMPLIFIED MODEL FOR LEAKAGE FLUX STUDY 
For the purpose of computing the slot leakage field an  
inductances of electric machines, approximate and 
simplified models have been proposed in the literature [3], 
[4], [6], where leakage flux lines are supposed to flow 
according to simple paths such as illustrated in Fig. 2. In 
particular, for semi-closed slots, flux lines are supposed to 
follow circular paths (Fig. 2b). The assumption for pen 
rectangular slot shapes of leakage flux lines being parallel to 
one another and orthogonal to slot sides is quite realistic and 
actually leads to some simple analytical formulas that have 
been proved to be in good accordance with slot leakage 
inductances computed by FE analysis [3]. Conversely, in the 
case of semi-closed slots the assumption of purely circular 
leakage flux line paths is quite simplistic as completely 
disregards the significant distortions of the magnetic field 
near the slot opening and near slot corners. 
Nevertheless, in order to have a benchmark for assessing 
the accuracy of the new method being set forth in tis paper 
(Section IV), the slot leakage field formulation resulting 
from the simplified model (Fig. 2b) will be next derived. 
A.  Leakage field determination 
As a first step, one needs to determine the analytic  
formulation of the leakage flux density in the slot domain. 
According to the simplified model, the flux density at any 
point of the slot has only a tangential component Bθ (Fig. 2b) 
which is supposed to be uniform along each circular flux 
path and thereby to depend on the polar coordinate r only. 
Let us consider a simplified leakage flux path Γ as shown in 
Fig. 3. According to the approximated model, the portion of 
Γ inside the slot consists of a circular arc PQ of a given 














































































B.  Self and mutual inductance determination 
Most of the algorithms available in the literature for 
computing slot leakage inductances of multiphase machines 
require the knowledge of self and mutual inductances of the 
individual coil sides embedded in a slot [3], [6]. More 
precisely, the parameters to be computed are LU, LV and MUV 
where: LU is the self-inductance of the coil side embedded in 
the bottom layer of the slot (region U, Fig. 1); LV is the self-
inductance of the coil side embedded in the gap-side layer of 
the slot (region V, Fig. 1); MUV is the mutual inductance of 
the two coil sides embedded in the same slot. All the
mentioned inductances are due to the slot leakage flux. 
The values of LU, LV and MUV can be determined based on 
energy considerations as follows [6]. The total magnetic 
energy stored in the slot leakage field can be expressed as a 




















































Fig. 2. Simplified leakage flux patterns (dashed lines) for (a) open 
rectangular slot and (b) semi-closed slot shape. 
 
 
Fig. 3. Closed loop Γ for Ampere’s circuital law application. 
 
Fig. 1. Semi-closed slot geometry assumed in the pap r. 
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where Lcore is the machine core length and ( )VU IIr ,,Bθ  is 
the flux density given by (2). At this point, the following 
equations can be written based on the well-known 
relationships between inductances and stored energy in 















),E( IMILILII UVVU ++= , 
where I is a generic positive current. From (4) the following 
















Using (2) in (3), after symbolically solving the integrals, 
explicit expressions can be obtained for ),E( VU II  as 
follows: 
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 The self and mutual inductances of the two coil side  can 
be computed by using (7) in (5) and (6). This computation 
method will be used, together with FE analysis, as a 
benchmark to assess the accuracy of the alternative model 
proposed in this paper and explained in the next Section. 
IV.  ACCURATE MODEL BASED ON SOLVING POISSON’S 
EQUATION 
In this Section an accurate analytical model is presented 
to compute the slot leakage field and the inductances of a 
double-layer winding electric machine under the 
assumptions illustrated in Section II. 
The method is based on solving Poisson’s differential 
equation for the vector potential in the slot domain. The 
vector potential can be regarded as a scalar quantity as in 
any other 2D problems [7], [10]. The vector potentials will 
be denoted as u(r,θ,IU,IV), v(r,θ,IU,IV) and w(r,θ,IU,IV), 
respectively, in the three slot sub-domains U, V and W (Fig. 
1), where r, θ are the radius and polar angle in a 2D polar 


















































, 10 RrR <≤  (11)
A.  Boundary conditions 
The differential equations (9)-(11) are subject to 
homogenous Neumann’s boundary conditions along the 
entire contour QBCEGLMN (Fig. 1) that separates the slot 
domain from the surrounding ferromagnetic region. Along 
this contour, in fact, we have [11]: 
0w/v/u/ =∂∂=∂∂=∂∂ nnn  (12)
where n∂∂ /  indicates the derivative along the normal 
direction with respect to the boundary. 
Along the arcs MB and NQ, boundary conditions cannot 
be exactly defined because the field on such arcs actually 
depends on the machine geometry outside the slot. However, 
it is reasonable to suppose that a sufficiently accurate 
prediction of the field inside the semi-closed slot is possible 
without the need to determine the magnetic field in the 
whole machine domain. In order to decouple the slot domain 
from the rest of the machine, the same approach used in [7] 
is herein adopted, assuming that the tangential flux density 
),,,(B VUθ IIr θ , when evaluated along arcs MB, LC and NQ 
(Fig. 1), can be approximated with the following functions: 
( )VUNQθVUθ IIIIR ,,B),,,(B 0 θθ =  (13)
( ) ( ) ( )[ ]313131 1100 ,b −−− −++= θθθθRII VU , 
( )VUMBθVUθ IIIIR ,,B),,,(B 1 θθ =  
(14)
( ) ( ) ( )[ ]313131 1111 ,b −−− −++= θθθθRII VU , 














θθθII VUθ , 
where (13)-(14) hold for 11 θθθ ≤≤−  and (15) for 
22 θθθ ≤≤−  and where ( )VU II ,b0  and ( )VU II ,b1  are 
given by (16) as justified in the following. 
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Fig. 4. Closed loops for Ampere’s circuital law application. 
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As explained in [7], the expressions (13)-(14) are based 
on the observation that the magnetic field diverges as δ−1/3 
when the distance δ from vertices M, N, B and Q tends to 
zero [9]. Regarding functions ( )VU II ,b0  and ( )VU II ,b1  in 
(16), they are derived applying Ampere’s circuital law to the 
two closed paths Γ0 and Γ1 shown in Fig. 4, which yields: 






dsB  (17) 






dsB  (18) 
The substitution of (13)-(15) into (17)-(18) gives the 
expressions (16) after symbolical expansion of the integrals. 
For the following it is useful to express (13)-(15) in 
Fourier series as follows: 
( ) ),(B,,B 0 VULCVULCθ IIII =θ  
(19) 
∑ =+ ,..2,1 cos),(Bn VU
LC
n knII θ , 
( ) ( )VUMBVUMB IIII ,B,,B 0=θθ  
(20) ( )∑ =+ ,..2,1 cos,Bn VU
MB
n hnII θ , 
( ) ( )VUNQVUNQ IIII ,B,,B 0=θθ  
(21) ( )∑ =+ ,..2,1 cos,Bn VU
NQ
n hnII θ , 
where 
2/π θ=k , 1/π θ=h  (22)




































































 In (23) the constants Hn and Kn are [7]: 










θθθθθθ dknKn  (24)










θθθθθθ dhnH n  (25)
These can be computed with the formulas derived in [7]: 












( ) ( )[ ] 3 22
3
2 /π2,Ci12 nhnH nn −=  (27)
where Ci() and Si() are the generalized cosine and si e
integrals that can be defined and calculated as [12]: 











































B.  Analytical solution to Poisson’s equation 
In this Section, the analytical solution to the differential 
equations (9)-(11) for the vector potential in the slot domain 
is reported using (13)-(15) as boundary conditions to be 
applied in the slot opening region. 
The assumed analytical expressions for the vector 
potentials in the three slot sub-domains U, V and W (Fig. 1) 
are respectively [11]: 
( ) ( ) ( ) rIrIIIr UUsVU lnUU,,,u 020 l+=θ   









VUn knrIIrII θ ,  
( ) ( ) ( ) rIIrIIIr VUVsVU ln,VV, ,,v 020 l+=θ  









VUn knrIIrII θ , 
( ) ( ) rIIIIr VUVU ln,W,,,w 0l=θ  









VUn hnrIIrII θ , 
where: (30) holds for [ ]2,RRr m∈  and [ ]2,0 θθ ∈ ; (31) 
holds for [ ]mRRr ,1∈  and [ ]2,0 θθ ∈ ; (32) holds for 
[ ]10, RRr ∈  and [ ]1,0 θθ ∈ . 
The radial and tangential flux density components i the 
slot domain directly result from (30)-(32) as [11]: 
( )
( ) [ ] [ ]
( ) [ ] [ ]
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In the expression for the scalar potential ( )VU IIr ,,,w θ  
in (32) the term proportional to r2 is omitted because such 
potential must satisfy Laplace’s differential equation (11); 
the same term is, instead, included in potentials 
( )VU IIr ,,,u θ  and ( )VU IIr ,,,v θ  so as to account for the 
non-null current-density forcing terms in Poisson’s equations 
(9)-(10). 
The trigonometric expansions in (30)-(32) are chosen o 
as to automatically satisfy homogenous Neumann’s 
boundary conditions on slot sides, i.e. on segments QB, CE, 
LG and NM (Fig. 1). In fact, according to (33) it can be seen 
that the radial flux density is identically null on such 
segments, i.e.: 
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( ) ( ) 0,,,B,,,B 22 =−= VUrVUr IIrIIr θθ , 21 RrR ≤≤  (35)
( ) ( ) 0,,,B,,,B 11 =−= VUrVUr IIrIIr θθ , 10 RrR ≤≤  (36)
In the assumed expressions for the scalar potential (30)-
(32) there appear some unknown functions of IU and/or IV, 
which need to be determined by imposing that (9)-(11  must 
be satisfied together with the following conditions (Fig. 1): 
a) homogeneous Neumann’s boundary condition on GE; 
b) continuity condition for the radial flux density 
component across HD; 
c) continuity condition for the tangential flux density 
component across HD; 
d) non-homogeneous boundary condition on arc LC, i.e. 
the tangential flux density on LC must be equal to (15); 
e) non-homogeneous boundary condition on arc NQ, i.e. 
the tangential flux density on NQ must be equal to (13). 
By direct substitution of (30)-(32) into (9)-(11) one can 
immediately find that, for the latter to be satisfied, functions 
































 Then, imposing the boundary conditions listed above 
leads to determine the other unknowns in (30)-(32) as: 
)(U2)(U 0
2
20 UsU IRI −=l , 
[ ] )(U2)(V)(U2),(V 0220020 UsVsUsmVU IRIIRII −−=l , 
( ) ( )100 2/),(W θµ VUVU IIII +=l , 































































































C.  Computation of slot leakage inductances 
The knowledge of functions (37) and (38) enables one t  
fully determine the vector potential in the slot domain 
through (30)-(32) and the flux density by means of (33)- 
(34). Once the flux density in known, the magnetic nergy 
stored in the slot leakage field can be determined as [11]: 
( ) =VU II ,E  
(39)









































θ θθθ  
 The analytical formulation of the flux density components 
Br, Bθ found in the previous subsection makes it possible to 
solve (39) symbolically. This leads to express the en rgy 
stored in the slot as shown in (40) at the bottom of the page.  
At this point, based on the same reasoning made in 
Section III.B for the simplified model, the relationships (4) 
can be written and, from them, the self-inductances of the 
two coil sides (LU, LV) as well as their mutual inductance 
(MUV) can be obtained through (5)-(6) in which the accurate 
expression (40) for E(IU, IV) is used. 
V.  VALIDATIONS BY COMPARISON WITH FEA 
In this Section, the results obtained for the slot leakage 
field and inductance computation by direct solution f 
Poisson’s equation (Section IV) are assessed by comparison 
with FEA calculations. Furthermore, the same results are 
compared to the prediction made through the simplified 
model described in Section III in order to evaluate th  extent 
to which the new proposed model enhances the accuracy of 
the estimation. 
For the purpose of FEA validations, the geometric model 
shown in Fig. 5 is considered. The model is characte ized by 
the dimensions given in Table I. 
 
TABLE I. CHARACTERISTIC DIMENSIONS OF THE MODEL CONSIDERED FOR 
FEA SIMULATIONS 
R0 140 mm Rm 175 mm θ1 2.711° Lcore 100 mm 
R1 150 mm R2 200 mm θ2 11.53° g 10 mm 
 






























































































































 The meaning of the symbols appearing in Table I is 
illustrated in Fig. 1. 
 As to the gap width g, it is initially set at g=10 mm, but 
simulations are run for different values of g to assess the 
extent to which the analytical solution found in the slot 
domain is actually independent of the machine geometry 
outside the slot. 
The assessment of the proposed method by comparison 
with FEA is first addressed looking at the predicted flux 
density in the slot domain. For this purpose, coil side 
currents are assigned the example values below. 
A 2500,A 5000 00 −==== VVUU IIII  (41)
 In the model shown in Fig. 5, the focus is on the magnetic 
field inside the upper (zoomed) slot energized with currents 
IU0 and IV0; however, as shown in Fig. 5, another slot, 
displaced by the 180° and energized with opposite currents 
−IU0 and −IV0, is considered so that the total current flowing 
through the model cross section is zero. 
The flux density values resulting from the field solution 
presented in Section IV.B are compared to those obtained 
from FEA along some significant contours of the slot 
domain. Examples of such comparison are shown in Fig. 6 
and Fig. 7 proving that the proposed approach is capable of 
predicting the slot leakage flux density in the slot with a 
satisfactory accuracy. 
It is noted that, in Fig. 6 and Fig. 7, the accurate model is 
used considering the first ten harmonics; in other wo ds, the 
index n appearing in all Fourier series expansions derived n 
Section IV ranges from 1 to 10. 
 




Fig. 6. Flux density components computed analytically and by FEA along 
significant model contours for coil side currents IU0 = 5000 A and IV0 = 
−2500 A: (a) tangential flux density on arc LC; (b) radial flux density on 




As a further check, the self and mutual inductances LU, LV, 
MUV of the coil sides embedded in the slot are evaluated 
based on (5)-(6) where the energy E(IU, IV) stored in the slot 
is independently evaluated both with the simplified model 
(Section III.B) and with the proposed accurate one (Section 
IV.C). In the latter case, the first ten harmonics of Furier 
series expansions (n=1,2...10) are again considered. The 
comparison is repeated for different values of the gap g, 
while the slot geometry is maintained the same as shown in 
Fig. 5 with the other dimensions given in Table I. The results 
are illustrated in Fig. 8 and Fig. 9. 
From Fig. 8 and Fig. 9 the following remarks can be 
drawn: 
• The proposed accurate analytical model (Section IV) 
gives an estimation of self and mutual inductance that 
very well matches the same quantities computed by 
FEA, with errors below 3%. 
• Conversely, the simplified analytical model (Section 
III) appears to be very inaccurate, leading to 
overestimate inductances by 20-30% with respect to 
FEA results. 
• The error of the accurate analytical method with 
respect to FEA, although in any case acceptable, 
exhibits some dependency on the gap width. In 
Fig. 8. Self and mutual inductances of slot coil sides independently 
computed in three different ways. 
 
 
Fig. 9. Percent error (with respect to FEA results) of inductance estimation 
through the simplified and accurate analytical approach. 
 
 
Fig. 7. Flux density components computed analytically and by FEA along 
significant model contours for coil side currents IU0 = 5000 A and IV0 = 
−2500 A: (a) radial flux density on arc HD; (b) tangential flux density on 
segment CE; (c) tangential flux density on segment AF. 
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particular, the analytical prediction given by the 
proposed model appears to be the asymptotical 
approximation of FEA result when the air gap g tends 
to infinity. In other words, analytically computed 
values practically coincide with FEA estimations for
very large gaps (corresponding to the physical 
situation where the rotor of the electric machine is 
withdrawn). This was already observed in [7]. 
The last remark has a quite intuitive physical 
interpretation. In fact, the accurate analytical model is based 
on assuming that the tangential flux density in theslot 
opening region can be approximated by (13)-(15), wherein 
rotor effects are disregarded. Such an approximation is 
precise for relatively large gap values, while it becomes 
slightly less precise when the gap decreases and the rotor 
presence tends to affect the flux density values in the slot 
opening area. The errors introduced, however, can be seen to 
be definitely acceptable. 
A final note is about the effect of magnetic saturation. In 
this respect, it needs to be observed that all the treatment 
proposed in this paper assumes an infinitely-permeable core, 
which leads to the so-called “unsaturated” values of sl t 
leakage inductances. In [7] it is shown how magnetic 
saturation causes slot leakage inductances to decrease with 
respect to their unsaturated values. The same observations 
made in [7] for single-layer windings obviously hold for the 
dual-layer winding design addressed in this paper, too.  Also 
in this case, it can be said that an accurate estimation of 
leakage inductances in presence of significant magnetic 
saturation generally requires the use of FEA. 
VI.  CONCLUSION 
In this paper an accurate analytical method has been 
presented to determine the slot leakage field and inductances 
for electric machines with semi-closed slots and double-layer 
distributed windings. The analytical formulations obtained 
are an extension of those presented in a previous work for 
the case of single-layer windings. The approach adopted in 
the paper is based on directly solving Poisson’s differential 
equation for the vector potential in the semi-closed slot 
domain. An analytical field solution for the slot leakage flux 
has been determined in the paper by suitably defining 
boundary conditions on the slot opening region. Forthis 
purpose, the specific mathematical form taken by the flux 
density in the neighborhood of right-angle ferromagnetic 
corners (which are singular point for the magnetic field) has 
been exploited. Such boundary condition setting has led to 
decouple the slot domain from the rest of the machine 
geometry, making it possible to determine the leakage flux 
distribution inside the slot without knowing the fild outside 
it. The analytical technique proposed in the paper has been 
validated against FE simulations and shown to give very 
accurate results, with errors less than 5%. Conversely, the 
application of alternative simplified models, frequntly 
adopted in the literature, are shown to give poor accuracy, 
with errors ranging between 20% and 30% with respect to 
FEA simulations. 
In conclusion, the methodology presented is deemed to be 
a convenient and efficient alternative to time-consuming 
FEA, at least for those machine designs and operating 
conditions that allow for magnetic saturation effects to be 
neglected. 
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